
A cognitive account of 
mathematical explanation
Matthew Inglis
Mathematics Education Centre, Loughborough University



Plan

Work in progress with Pablo Mejia-Ramos,  
all thoughts welcome!



Plan

• Philosophers don’t agree on what mathematical 
explanations are or whether they exist;

• Mathematical explanations in education;

• Functional explanation;

• A ‘modal model’ of human cognitive architecture;

• An attempt to unify (some) existing accounts of 
mathematical explanation.

Work in progress with Pablo Mejia-Ramos,  
all thoughts welcome!



Do mathematical explanations exist?

Most people think that it’s possible to explain 
mathematical statements.

However, some disagree. One main problem is 
the lack of temporal order in mathematics.
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Abstract Lately, philosophers of mathematics have been exploring the notion of math-
ematical explanation within mathematics. This project is supposed to be analogous to the
search for the correct analysis of scientific explanation. I argue here that given the way
philosophers have been using ‘‘explanation,’’ the term is not applicable to mathematics as
it is in science.
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‘‘Some proofs command assent. Others woo and charm the intellect.
They evoke delight and an overpowering desire to say ‘Amen, Amen’.’’1

Mathematicians (in the past and presently) distinguish between proofs in a large number
of ways: constructive versus non-constructive, analytic versus synthetic, algebraic versus
geometric, rigorous versus informal, etc.2 Sometimes these distinctions are said to exhaust
all of mathematics in the scope of the ‘‘vs.’’, sometimes they are not. Also seen is the
distinction between proofs that merely prove and proofs that are in some way enlightening.
Lately this distinction has attracted the attention of philosophers who are subsuming many
of these latter distinctions (and others too) under the rubric of explanatory versus non-
explanatory mathematics. Also, beside explanatory proofs, mathematics is also sometimes
said to provide explanations of mathematical facts.

M. Zelcer (&)
Bennington College, Bennington, VT, USA
e-mail: mark.zelcer@gmail.com

1 Lord Rayleigh, quoted in (Huntley 1970, 6).
2 Interesting debates from the mathematical community about the variety of positions on rigor in proof can
be found in Bundy et al. (2005). Dawson (2006) addresses questions about the reasons different kinds of
proofs are used in general. L. E. J. Brouwer’s work (1987) is the locus classicus for constructive proofs and
mathematics; see Dalen (2004, Ch 5) for a recent mathematical discussion. ‘‘Analytic proof’’ was first used
by Bolzano (1817). Brown (2008) contains discussions of various kinds of proofs as well.
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proofs which explain”

• Resnik & Kushner (1984): “mathematicians rarely 
describe themselves as explaining”

• Hafner & Mancosu (2005): “mathematicians often 
describe themselves and other mathematicians as 
explaining”
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• Zelcer (2013): “Avigad points out that there are 
relatively few references to explanation in 
mainstream mathematical literature. Though 
philosophers have lately been pointing out 
some exceptions, the examples tend to be 
rather exotic”

• Weber & Frans (2016) pointed out that no one 
has systematically investigated whether 
mathematicians do use explanatory terms 
when writing. They predicted that if someone 
did conduct such an investigation they would 
find more examples than Zelcer thought.

Do mathematical explanations exist?
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in British and American English.

• Only highlights here (paper being written).
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Alternative Expressions
Do mathematicians use strange alternative phrases?

 
Alternative expression Concordance search Mathematics  Physics 
"the deep reasons" deep* reason* 5 16 
"an understanding of the essence" understand* the essence 0 5 
"a better understanding" better understand* 161 767 
"a satisfying reason" satisfy* reason 0 0 
"the reason why" reason* why 312 924 
"the true reason" true reason 3 1 
"an account of the fact" an account of the fact 0 0 
"the causes of" cause* of 16 609 

 
Total 497 2322 

Table 4. Frequencies of alternative expressions of related to “explanatory” talk in the 
January-April mathematics and physics papers 

Explaining why vs. explaining how 
In order to investigate mathematicians’ discussion of explanations of why a certain 

mathematical statement is true (Hafner and Mancosu’s “deep” explanation), in comparison to 
their talk about explanations of how to do something in mathematics (related to Rav’s notion of 
mathematical know-how), we created a concordance of the corpus of papers and identified every 
instance an explain-word had been immediately followed by the words why or how (e.g. 
unexplained why, explanation how). We did this by searching the concordance for *expla* why 
and *expla* how, and checking that all results were indeed uses of explain-words. We then 
repeated the process with the corpus of physics papers. As, shown in Table 5, there is a clear 
difference between the ways that explain-words show up in the mathematics and the physics 
research papers. 

     
 Mathematics Physics 

 
frequency per million frequency per million 

*expla* why 247 7.99 952 16.17 
*expla* how 458 14.83 353 6.00 

Total 705 22.82 1305 22.17 

Table 5. Frequencies and frequencies per million words of explain-words immediately followed 
by the words why or how in the January-April mathematics and physics papers 

We note that when taken together the total of *expla*-why and *expla*-how expressions 
were roughly as common in math papers as they were in physics papers, with approximately 22 
of these expressions showing up per million words in each set of papers, and also a relatively 
small subset of the wider use of explain-words (roughly 14% and 6% of explain-word usage in 
mathematics and physics, respectively). However, the distribution of these two different types of 
expressions in the two sets of papers was significantly different (Fisher’s exact test, p < .001), 
with mathematicians using nearly twice as many *expla*-how expressions as *expla*-why 
expressions, and physicists on the other hand using between two and three times as many 
*expla*-why expressions as *expla*-how expressions. 
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Summary So Far
• There is an argument about whether 

mathematical explanations exist which, in part, 
turns upon whether mathematicians use 
explanatory language in their work.

• They do. 

• But:

• Not as much as physicists or people in 
general English.

• They seem to use procedural explanation 
(explain how) more than conceptual 
explanation (explain why).



Summary So Far

Key point: there is something to discuss here: 

Philosophers who argue about what explanations 
are (Steiner, Kitcher, Hafner & Mancosu, Weber & 
Frans, Resnik & Kushner, Cellucci, Colyvan, Lange 
etc) are arguing about something real.
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Self-Explanation Training Improves  
Proof Comprehension

Mark Hodds, Lara Alcock, and Matthew Inglis
Loughborough University, United Kingdom

In this article we report 3 experiments demonstrating that a simple booklet containing 
self-explanation training, designed to focus students’ attention on logical relationships 
within a mathematical proof, can significantly improve their proof comprehension. 
Experiment 1 demonstrated that students who received the training generated higher 
quality explanations and performed better (effect size d = 0.950) on a comprehension 
test. Experiment 2 demonstrated that self-explanation training increased students’ 
cognitive engagement and the frequency with which they moved their attention around 
a proof. Experiment 3 demonstrated that a 15-minute in-lecture self-study intervention 
improved students’ proof comprehension and that the effect persisted over time. Thus, 
we argue that transition to proof courses should incorporate self-explanation training. 

Key words: Mathematical reading; Proof comprehension; Self-explanation; 
Undergraduate mathematics

Proof is central to mathematics, and consequently mathematics educators have 
devoted substantial research effort toward understanding how students engage 
with proof and proving (see Reid & Knipping, 2011). Until recently, however, 
research has tended to focus on proof construction rather than proof comprehen-
sion (Mejía-Ramos & Inglis, 2009). This is potentially problematic because, in 
traditional instruction at least, undergraduates are often introduced to new math-
ematical ideas and techniques through reading proofs in class and in textbooks 
(Rav, 1999; Selden & Selden, 2003; Weber, 2004).

It is thus of concern to see converging evidence that undergraduate students 
are not reliably able to judge whether a proof is valid or invalid (Alcock & Weber, 
2005; Inglis & Alcock, 2012; Ko & Knuth, 2009, 2013; Selden & Selden, 2003; 
Weber, 2010). Although researchers have proposed pedagogical strategies to 
address this issue (e.g., Leron, 1983; Rowland, 2001a, 2001b), there is scant 
research on the efficacy of these strategies; what evidence does exist indicates 
that such approaches may be less effective than hoped (Fuller et al., 2011) or, in 
some cases, actually inferior to standard approaches (Roy, Alcock, & Inglis, 
2010). In this paper we adapt a pedagogical technique—self-explanation 
training—that has been shown to be effective in other contexts (e.g., Chi, Bassok, 
Lewis, Reimann, & Glaser, 1989) and demonstrate that it facilitates comprehen-
sion of mathematical proofs. 

Journal for Research in Mathematics Education
2014, Vol. 45, No. 1, 62–101

Copyright © 2014 by the National Council of Teachers of Mathematics, Inc., www.nctm.org. All rights reserved. This 
material may not be copied or distributed electronically or in other formats without written permission from NCTM.
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From the perspective of the philosophy literature 
this is very weird: how can simply telling 

students to explain to themselves improve 
learning if no one knows what explanations are?



A philosophical perspective
Consider the ‘exemplar philosophers’. 

They present examples of (non-)explanatory proofs, 
justified by their own intuition, and use these examples 
to argue for or against theories of mathematical 
explanation.

DIVERSITY IN PROOF APPRAISAL

MATTHEW INGLIS1 AND ANDREW ABERDEIN2

Abstract. We investigated whether mathematicians typically agree about the qualities
of mathematical proofs. Between-mathematician consensus in proof appraisals is an
implicit assumption of many arguments made by philosophers of mathematics, but to
our knowledge the issue has not previously been empirically investigated. We asked
a group of mathematicians to assess a specific proof on four dimensions, using the
framework identified by Inglis and Aberdein (2014). We found widespread disagreement
between our participants about the aesthetics, intricacy, precision and utility of the
proof, suggesting that a priori assumptions about the consistency of mathematical
proof appraisals are unreasonable.

1. Proof Appraisals

A clichéd view of research-level mathematics, or at least research-level pure mathematics,
is that it is simply and solely concerned with logic: purported proofs are either valid or
invalid, and the job of a mathematician is to produce as many valid ones as possible.
On this account, there is little place for the appraisal of proofs in anything other than
a straightforwardly descriptive fashion. Proofs might be valid or invalid, published or
unpublished, short or long, but under the clichéd view it is hard to see how they could be
elegant, beautiful, or deep. However, a cursory glance at mathematical practice reveals
that mathematicians regularly make such appraisals. For example, in the citation for the
2003 Abel Prize, Jean-Pierre Serre’s work was described as being “profound”, “spectacular”,
and “magnificent”. So it is clear that a mathematician’s appraisal of a given piece of work
can go well beyond its validity. In this chapter we specifically focus on the evaluation of
mathematical proofs: how are such appraisals made, and what is their status?

A more systematic investigation of the ways in which mathematicians characterise
mathematical proofs is given in Table 1. It shows the most common adjectives used
to characterise proofs on MathOverflow, a website where research mathematicians ask
and answer questions about each others’ research.1 Although many of the adjectives are
straightforwardly descriptive (‘original’, ‘short’, ‘direct’, ‘algebraic’, ‘new’, ‘combinatorial’)

1
Mathematics Education Centre, Loughborough University, UK.

2
School of Arts and Communication, Florida Institute of Technology, USA.

E-mail addresses: m.j.inglis@lboro.ac.uk, aberdein@fit.edu.
Date: September 25, 2014.
1We downloaded an archive of all posts made on MathOverflow between September 2009 and May

2013. After data cleaning (i.e. removing html links and so on) this yielded a corpus of 1.83 million
words of what could reasonably be called informal mathematical discourse. We searched for all two-word
clusters with ‘proof’ as the second word. This yielded a total of 21,208 occurrences. Of course, many of
these clusters were not adjectival: nearly half were “the proof” (27.3%) or “a proof” (17.9%). Table 1
shows all those adjectival clusters with 20 or more occurrences.

1



A philosophical perspective
Consider the ‘exemplar philosophers’. 

They present examples of (non-)explanatory proofs, 
justified by their own intuition, and use these examples 
to argue for or against theories of mathematical 
explanation.

DIVERSITY IN PROOF APPRAISAL

MATTHEW INGLIS1 AND ANDREW ABERDEIN2

Abstract. We investigated whether mathematicians typically agree about the qualities
of mathematical proofs. Between-mathematician consensus in proof appraisals is an
implicit assumption of many arguments made by philosophers of mathematics, but to
our knowledge the issue has not previously been empirically investigated. We asked
a group of mathematicians to assess a specific proof on four dimensions, using the
framework identified by Inglis and Aberdein (2014). We found widespread disagreement
between our participants about the aesthetics, intricacy, precision and utility of the
proof, suggesting that a priori assumptions about the consistency of mathematical
proof appraisals are unreasonable.

1. Proof Appraisals

A clichéd view of research-level mathematics, or at least research-level pure mathematics,
is that it is simply and solely concerned with logic: purported proofs are either valid or
invalid, and the job of a mathematician is to produce as many valid ones as possible.
On this account, there is little place for the appraisal of proofs in anything other than
a straightforwardly descriptive fashion. Proofs might be valid or invalid, published or
unpublished, short or long, but under the clichéd view it is hard to see how they could be
elegant, beautiful, or deep. However, a cursory glance at mathematical practice reveals
that mathematicians regularly make such appraisals. For example, in the citation for the
2003 Abel Prize, Jean-Pierre Serre’s work was described as being “profound”, “spectacular”,
and “magnificent”. So it is clear that a mathematician’s appraisal of a given piece of work
can go well beyond its validity. In this chapter we specifically focus on the evaluation of
mathematical proofs: how are such appraisals made, and what is their status?

A more systematic investigation of the ways in which mathematicians characterise
mathematical proofs is given in Table 1. It shows the most common adjectives used
to characterise proofs on MathOverflow, a website where research mathematicians ask
and answer questions about each others’ research.1 Although many of the adjectives are
straightforwardly descriptive (‘original’, ‘short’, ‘direct’, ‘algebraic’, ‘new’, ‘combinatorial’)

1
Mathematics Education Centre, Loughborough University, UK.

2
School of Arts and Communication, Florida Institute of Technology, USA.

E-mail addresses: m.j.inglis@lboro.ac.uk, aberdein@fit.edu.
Date: September 25, 2014.
1We downloaded an archive of all posts made on MathOverflow between September 2009 and May

2013. After data cleaning (i.e. removing html links and so on) this yielded a corpus of 1.83 million
words of what could reasonably be called informal mathematical discourse. We searched for all two-word
clusters with ‘proof’ as the second word. This yielded a total of 21,208 occurrences. Of course, many of
these clusters were not adjectival: nearly half were “the proof” (27.3%) or “a proof” (17.9%). Table 1
shows all those adjectival clusters with 20 or more occurrences.

1

How are exemplar philosophers managing to do 
this? What’s the cognitive mechanism behind 

their intuition? If we could work that out, then the 
problem of what explanations are is solved.
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Abstract In this paper, I argue that explanations just ARE those sorts of things that,
under the right circumstances and in the right sort of way, bring about understanding.
This raises the question of why such a seemingly simple account of explanation, if
correct, would not have been identified and agreed upon decades ago. The answer
is that only recently has it been made possible to analyze explanation in terms of
understanding without the risk of collapsing both to merely phenomenological states.
For the most part, theories of explanation were for 50 years held hostage to the his-
torical accident that they far outstripped in sophistication corresponding accounts of
understanding.

Keywords Explanation · Understanding · Philosophy of science

1 Introduction

Beginning with Hempel and Oppenheim’s (1948) contention that explanations are to
be identified with a particular formal structure,1 the general tendency in the philo-
sophical literature on explanation has been to elucidate explanation in terms of pro-
gressively more intricate structures or (later) privileged types of content. Friedman
(1974) complicated Hempel’s identification of explanations with isolated arguments
by instead identifying explanations with arguments within a global structure of argu-
ments; Kitcher (1989) made matters still more complex by arguing that explanations

1 Hempel (1965) later placed an explicit restriction on content, demanding that D–N explanations invoke
genuine laws. As of the 1948 paper, however, Hempel and Oppenheim remained optimistic that laws could
be at least largely picked out by structural and syntactic markers.

D. A. Wilkenfeld (B)
The Ohio State University, Columbus, OH, USA
e-mail: wilkenfeld.3@osu.edu
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“I argue that 
explanations just 

ARE those sorts of 
things that, under the 
right circumstances 

and in the right sort of 
way, bring about 
understanding.”
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Modal model of the mind
• There is quite a bit of agreement among 

psychologists about how the mind works.

• I will present a ‘modal model’.

• Will try to use it to argue that most existing 
accounts of mathematical explanation can be 
deduced from the functional account:

• Steiner’s ‘characterising property’

• Kitcher’s unification

• Lange’s ‘symmetry, unity, salience’

• visual proofs often explanatory
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The Mind
• One reasonable definition of understanding is 

that dense well-organised schema have been 
encoded in long-term memory, cf. Christoph 
Kelp’s (2016) “maximal understanding”, or 
Cognitive Load Theory’s definition of 
understanding.

• If we accept the functional explanation 
assumption that (good) explanations are those 
things that create (good) understanding, and 
given our model of the mind, we can think 
about what features good mathematical 
explanations ought to have.
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Explanatory Proofs
The archetypal explanatory proof would:

• make it easy to select relevant parts of the 
material from sensory memory into working 
memory;

• make it easy to organise the new knowledge 
into schema that integrate with existing 
schema in long-term memory;

• split the load between visual and verbal 
channels to reduce the likelihood of overload 
during organisation.
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Steiner (1978): “an explanatory proof makes reference 
to a characterizing property of an entity or structure 
mentioned in the theorem” (p. 143).

In our terms: making reference to characterising 
properties helps readers activate and integrate 
relevant knowledge in LTM into WM, and to organise it 
into a coherent schema.

Can think of a ‘characterising property’ as being both a 
mathematical property and a cognitive property that 
links SM, WM and LTM.

If a proof doesn’t do this, it’s harder to construct well-
organised new knowledge (but not impossible).
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Existing Accounts: Kitcher
Kitcher (1976, 1989): explanations are those things 
which unify phenomena by showing that they are 
all derivable by arguments of the same form.

In our terms: unifying different phenomena means 
integrating two or more schema from LTM, 
reorganising them into a single schema, and 
encoding it into LTM. By our definition, this 
increases understanding.

In other words, the unification also takes place at 
the cognitive level, not just the mathematical level.
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Lange (2014) says that explanations have some sort 
of salience (could be symmetry, for example): “what 
it means to ask for a proof that explains is to ask for 
a proof that exploits a certain kind of feature in the 
problem: the same kind of feature that is outstanding 
in the result being explained.”

In our terms: saliency helps with (i) selecting 
relevant information from the environment, and (ii) 
integrating relevant schema from LTM into WM.

In other words, things that are mathematically salient 
are also cognitively salient (for the right reader).
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Visual Arguments

Many people hint that visualisability is helpful for 
explanatoriness (e.g., Steiner, 1978; Hanna, 2000). 
Why would this be?

In our terms: It increases working memory capacity 
by splitting processing between verbal and visual 
channels. You can do more complicated 
processing if you use both verbal and visual 
representations, so you end up with better 
organised knowledge, and therefore better 
understanding.
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Summary: Differences
• This functional cognitive account of explanation differs from 

earlier accounts:

• Steiner defines explanations as being those that 
reference characterising properties;

• Kitcher defines explanations as being those that unify 
concepts;

• Lange defines explanations as being those that have 
some kind of salience.

• The functional account defines explanations as being those 
that create understanding. Models of cognitive architecture 
tell us that understanding is aided by characterising 
properties, unification of concepts and saliency. 

• But the Steiner/Kitcher/Lange properties are correlated with 
explanatoriness they do not define explanatoriness.
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Individual Differences

• Andrew Aberdein and I (kind of) demonstrated 
that there are individual differences in what 
individual mathematicians find explanatory.

• Hard to account for this under the Steiner/
Kitcher/Lange accounts.

• But our cognitive account predicts individual 
differences and individual similarities.
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Individual Differences

Our cognitive account makes nuanced predictions:

• there will be individual differences: people 
vary in LTM content and in WM capacity

• but they do not vary in cognitive architecture: 
everyone benefits from dual coding, 
because everyone has a phonological loop 
and visuospatial sketchpad (but for a given 
‘explanation’ this might only be apparent for 
some people under a WM load).
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Summary
• Mathematical explanations are genuine.

• But explanations do seem to work differently in 
mathematics to physics and general language.

• Functional explanation defines explanation in 
terms of understanding.

• This allows us to use the insights of cognitive 
psychology (and epistemology)

• Thinking about cognitive architecture can tell 
us what Steiner, Kitcher and Lange got right. 



Thanks!

Matthew Inglis

email: m.j.inglis@lboro.ac.uk

twitter: @mjinglis

web: mcg.lboro.ac.uk/mji


